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In this paper, the natural foliations in cotangent bundle T ∗M of Cartan space (M,K) is
studied. It is shown that geometry of these foliations are closely related to the geometry
of the Cartan space (M,K) itself. This approach is used to obtain new characterizations
of Cartan spaces with negative constant curvature.
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1. Introduction
Lagrange space has been certified as an excellent model for some important prob-
lems in Relativity, Gauge Theory and Electromagnetism [1,2]. The geometry of
Lagrange spaces gives a model for both the gravitational and electromagnetic field.
P. Finsler in his Ph.D. thesis introduced the concept of general metric function,
which can be studied by means of variational calculus. Later, L. Berwald, J.L.
Synge and E. Cartan precisely gave the correct definition of a Finsler space [3,4].
These structures play a fundamental role in study of the geometry of tangent bun-
dle TM . The geometry of cotangent bundle T ∗M and tangent bundle TM which
follows the same outlines are related by Legendre transformation. From this duality,
the geometry of a Hamilton space can be obtained from that of certain Lagrange
space and vice versa. As a particular case, we can associate to a given Finsler space
its dual, which is a Cartan space [5,6]. Using this duality several important re-
sults in the Cartan spaces can be obtained: the canonical nonlinear connection, the
canonical metrical connection etc. Therefore, the theory of Cartan spaces has the
same symmetry and beauty like Finsler geometry. Moreover, it gives a geometrical
framework for the Hamiltonian theory of Mechanics or Physical fields. With respect
to the importance of these spaces in Physical areas and the quick growth of Finsler
1
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geometry in recent decades, present work is formed to develop some properties of
Finsler geometry to the Cartan spaces. In [7] and [8] the natural foliations on tan-
gent bundle of a Finsler manifold have been studied. Here, some theorems of these
objects are reconsidered on cotangent bundle of a Cartan space for some natural
foliations such as Liouville-Hamilton vector field and its complement distribution
in TT ∗M .
Let (M,K) be a Cartan space then to achieve these aims, the present work is
organized in the following way. In Section 2, some definitions and results on Cartan
spaces which is needed in following sections is provided. In particular, canonical
nonlinear connections, Sasaki lift of the metric on cotangent bundle and coefficients
of Levi-Civita connection are presented, for more details see [4]. In Section 3, to
simplify some equations and proofs in following sections a new frame is set on
TT ∗M such that TT ∗M is decomposed to two foliations Liouville-Hamilton vector
field and its complement distribution in TT ∗M . The Levi-Civita connection on a
Cartan space is computed in the new basis and relation of curvature tensor fields of
level hypersurfaces K = const. and T ∗M is calculated. In Section 4, the ideas of [7]
are developed to cotangent bundle of a Cartan space and six natural foliations of
cotangent bundle are introduced. They are studied from different viewpoints such
as being totally geodesic, bundle like and etc. As a main result of present paper,
the condition of being a Cartan space with negative constant curvature is found.
Finally in Section 5, 1 -indicatrix bundles in cotangent bundle of the Cartan space
(M,K) which is denoted by I∗M(1) is studied. Similar to Finsler geometry [8], it is
shown that it naturally has contact structure. In addition, it is shown that I∗M(1)
cannot have Sasakian structure with lifted Sasaki metric G.
2. Preliminaries and notations
Let M be a real n-dimensional differentiable manifold and let (T ∗M,pi∗,M) be its
cotangent bundle. If (xi), (i = 1, ..., n), is a local coordinate system on a domain
U of a chart on M , the induced system of coordinates on pi∗−1(U) are (xi, pi). The
coordinates pi are called momentum variables. The Liouville-Hamilton vector field,
Liouville 1-form and canonical symplectic structure on T ∗M are denoted by C∗, ω
and θ, respectively, and their local expressions are as follows:
C∗ = pi∂
i, ω = pidx
i, θ = dpi ∧ dx
i (1)
where ∂i := ∂
∂Pi
. Let {., .} be the Poisson bracket on T ∗M , defined by:
{f, g} =
∂f
∂pi
∂g
∂xi
−
∂g
∂pi
∂f
∂xi
, ∀f, g ∈ C∞(T ∗M)
A Cartan space is a pair (M,K(x, p)) such that following axioms hold:
(1) K is a real positive function on T ∗M , differentiable on T ∗M\{0} and continuous
on the null section of the projection pi∗.
(2) K is positively 1-homogeneous with respect to the momenta pi.
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(3) The Hessian of K2, with elements gij(x, y) = 12∂
i∂jK2 is positive-defined.
The nonlinear connection coefficient Nij of the Cartan space (M,K) is given by:
Nij =
1
4
{gij,K
2} −
1
4
(
gik
∂2K2
∂pk∂xj
+ gjk
∂2K2
∂pk∂xi
)
where (gij) is the inverse matrix of (g
ij). The adapted basis of TT ∗M and T ∗T ∗M
with respect to the natural nonlinear connection coefficient Nij are expressed as
follows: 

TT ∗M =< δ
δxi
, ∂i > , δ
δxi
= ∂
∂xi
+Nij∂
j
T ∗T ∗M =< dxi, δpi > , δpi = dpi −Nijdx
j
(2)
In addition, with respect to these bases the Sasakian lift of the metric tensor gij
on T ∗M is shown by G and given by:
G := gijdx
i ⊗ dxj + gijδpi ⊗ δpj (3)
The almost complex structure compatible with metric G is shown by J and has
local expression as follows:
J := gij
δ
δxj
⊗ δpi − gij∂
j ⊗ dxi
Then by direct calculations and using (2) it is obtained that:
[
δ
δxi
,
δ
δxj
] = Rijk∂
k, [∂j ,
δ
δxi
] = N jik∂
k (4)
where Rijk =
δNjk
δxi
− δNik
δxj
and N jik = ∂
jNik. Now, let ∇ be the Levi-Civita connec-
tion on Riemannian manifold (T ∗M,G). Then we can prove the following.
Theorem 1. Let (M,K) be a Cartan space. Then the Levi-Civita connection ∇
on (T ∗M,G) is locally expressed as follows:

∇ δ
δxi
δ
δxj
= Γkij
δ
δxk
+ 12 (Rijk + gijk)∂
k
∇ δ
δxi
∂j = ∇∂j
δ
δxi
−N jih∂
h = − 12 (g
jk
i +Rishg
hjgsk) δ
δxk
+ 12 (
δgjk
δxi
+ ∂k(Nisg
sj)− ∂j(Nisg
sk))gkh∂
h
∇∂i∂
j = − 12 (
δgij
δxk
+N iksg
sj +N jksg
si)gkh δ
δxh
+ 12g
ij
k ∂
k
where
Γkij =
gkh
2
{
δgih
δxj
+
δgjh
δxi
−
δgij
δxh
}
gijk = gisgjtg
st
k = gisgjtgkhg
sth = gisgjtgkh∂
h(gst)
Proof. By using (4), definition of Levi-Civita connection{
2G(∇XY, Z) = XG(Y, Z) + Y G(X,Z)− ZG(X,Y )
−G([X,Z], Y )−G([Y, Z], X) +G([X,Y ], Z)
and a straightforward calculation the proof is complete.
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3. Adapted frame on indicatrix bundle of a Cartan space
Supposed that (M,K) is a n-dimensional Cartan space. In natural way, the vertical
and horizontal distributions of TT ∗M are given by:
V T ∗M =< ∂1, ..., ∂n > , HT ∗M =<
δ
δx1
, ...,
δ
δxn
>
Consider the Riemannian manifold (T ∗M,G), then, orthogonal distribution to
Liouville-Hamilton vector field C∗ in vertical distribution V T ∗M is denoted by
V ′T ∗M . By definition of V ′T ∗M , it is easy to see that V ′T ∗M is a foliation in
TT ∗M . Therefore, there is the local chart (U,ϕ) on T ∗M such that:
TT ∗M |U =< ∂¯
1, ..., ∂¯n−1, v1, ..., vn+1 >
where
V ′T ∗M |U =< ∂¯
1, ..., ∂¯n−1 >
It is obvious that ∂¯a for all a = 1, ..., n − 1 are vector fields in V T ∗M and they
can be written as a linear combination of the natural basis {∂1, ..., ∂n} of V T ∗M
as follows:
∂¯a = Eai ∂
i ∀a = 1, ..., n− 1
where Eai is the (n − 1) × n matrix of maximum rank. The first property of this
matrix is Eai g
ijpj = 0. Moreover, on U the vertical distribution V T
∗M is locally
spanned by:
{C∗, ∂¯1, ..., ∂¯n−1} (1)
Then the almost complex structure J acts on the basis (1) as follows:
J(∂¯a) = Eaj g
ji δ
δxi
, ξ = J(C∗)
We put E¯ia = E
b
jgbag
ji where gab := G(∂¯a, ∂¯b) = Eai g
ijEbj and (gab) = (g
ab)−1.
Then, it is obtained that:
J(∂¯a) = gabE¯ib
δ
δxi
Now, if we let δ¯
δ¯xa
= E¯ia
δ
δxi
, then we obtain:
J(∂¯a) = gab
δ¯
δ¯xb
, J(
δ¯
δ¯xa
) = gab∂¯
b
and we can set a new local vector fields of TT ∗M as follows:
TT ∗M =< ξ,
δ¯
δ¯xa
, C∗, ∂¯a > (2)
August 13, 2020 1:12 WSPC/INSTRUCTION FILE Attarchi
Cartan Spaces and Natural Foliations on the Cotangent Bundle 5
and the Sasakian metric G on T ∗M can be shown in these new local vector fields
as follows:
G :=


K2 0 0 0
0 (gab) 0 0
0 0 K2 0
0 0 0 (gab)

 (3)
The Lie brackets of the vector fields in (2) are presented as follows:

[ δ¯
δ¯xa
, δ¯
δ¯xb
] = (
δ¯E¯ib
δ¯xa
−
δ¯E¯ia
δ¯xb
) δ
δxi
+ E¯iaE¯
j
bRijs∂
s,
[ δ¯
δ¯xa
, ∂¯b] = (
δ¯Ebi
δ¯xa
− E¯kaE
b
jN
j
ki)∂
i − ∂¯b(E¯ia)
δ
δxi
,
[∂¯a, ∂¯b] = (∂aEbi − ∂
bEai )∂
i,
[ δ¯
δ¯xa
, ξ] = (E¯jaNjkg
ki + pj
δ¯gji
δ¯xa
− ξ(E¯ia))
δ
δxi
+E¯iaphg
hjRijs∂
s,
[∂¯a, ξ] = gab δ¯
δ¯xb
+ (Eaj pkg
khN
j
hi − ξ(E
a
i ))∂
i,
[ δ¯
δ¯xa
, C∗] = −C∗(E¯ia)
δ
δxi
,
[∂¯a, C∗] = ∂¯a − C∗(Eai )∂
i,
[ξ, ξ] = [C∗, C∗] = [ξ, C∗] + ξ = 0.
Now, the Levi-Civita connection ∇ on the Riemannian manifold (T ∗M,G) for the
basis (2) is given by:

∇ δ¯
δ¯xa
δ¯
δ¯xb
= (Γcab +
δ¯E¯ib
δ¯xa
Eci )
δ¯
δ¯xc
+ 12 (Rabc − gabc)∂¯
c
+ 12K2 (pig
ij(
δ¯Ecj
δ¯xa
gcb +
δ¯Ecj
δ¯xb
gca)− E¯
i
aE¯
j
b ξ(gij))ξ
∇∂¯a ∂¯
b = (∂¯a(Ebi )E¯
i
d +
1
2g
ab
d )∂¯
d − 1
K2
gabC∗
− 12E
a
i E
b
j E¯
k
c (
δgij
δxk
+N ikhg
hj +N jkhg
hi)gcd δ¯
δ¯xd
∇ δ¯
δ¯xa
∂¯b = 12 (g
b
ac −R
b
ac)g
cd δ¯
δ¯xd
− 12K2R
b
aξ +
δ¯Ebi
δ¯xa
E¯id∂¯
d
+ 12E
b
iE
c
j E¯
k
a (
δgij
δxk
+N jkhg
hi −N ikhg
hj)gcd∂¯
d
∇∂¯b
δ¯
δ¯xa
= 12 (g
b
ac −R
b
ac)g
cd δ¯
δ¯xd
− 12K2 (R
b
a + 2δ
b
a)ξ
+ 12E
b
iE
c
j E¯
k
a (
δgij
δxk
+N jkhg
hi +N ikhg
hj)gcd∂¯
d + ∂¯b(E¯ka )E
d
k
δ¯
δ¯xd
(4)


∇ δ¯
δ¯xa
ξ = 12 (E¯
i
aE¯
j
cξ(gij) + pj
δ¯gji
δ¯xc
E¯kagik + E¯
i
aE¯
h
cNih
−pjg
ji δ¯E
b
i
δ¯xa
gbc)g
cd δ¯
δ¯xd
+ 12Rad∂¯
d
∇ξ
δ¯
δ¯xa
= 12 (E¯
i
aE¯
j
cξ(gij) + pj
δ¯gji
δ¯xc
E¯kagik + E¯
i
aE¯
h
cNih
+pjg
ji δ¯E
b
i
δ¯xa
gbc)g
cd δ¯
δ¯xd
+ ξ(E¯ia)E
d
i
δ¯
δ¯xd
− 12Rad∂¯
d
∇∂¯aξ = (g
ad + 12Rbcg
bagcd) δ¯
δ¯xd
∇ξ ∂¯
a = 12Rbcg
bagcd δ¯
δ¯xd
+ E¯id(ξ(E
a
i )− pkg
khEasN
s
hi)∂¯
d
(5)


∇ δ¯
δ¯xa
C∗ = ∇C∗
δ¯
δ¯xa
− C∗(E¯ia)E
d
i
δ¯
δ¯xd
= 0
∇∂¯aC
∗ − ∂¯a = ∇C∗ ∂¯
a − C∗(Eai )E¯
i
d∂¯
d = 0
∇ξC
∗ = ∇C∗ξ − ξ = ∇ξξ = ∇C∗C
∗ − C∗ = 0
(6)
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where
Rabc = E¯
i
aE¯
j
b E¯
k
cRijk = gcdR
d
ab, R
b
a = Racg
cb = E¯iaE¯
j
cRijg
cb
gabc = E¯
i
aE¯
j
b E¯
k
c gijk = gcdg
d
ab = gadgbeg
de
c
Γcab = E¯
i
aE¯
j
bE
c
kΓ
k
ij , N
c
ab = E¯
i
aE¯
j
bE
c
kN
k
ij
The c-indicatrix bundle of T ∗M denoted by I∗M(c) is defined as follows:
I∗M(c) = {(x, p) ∈ T ∗M |K(x, p) = c > 0}.
Where for each c ∈ R+ normal vector field to I∗M(c) is given by:
grad(K) =
pi
c
∂i =
1
c
C∗ (7)
Therefore,
T (I∗M) =< ξ,
δ¯
δ¯xa
, ∂¯a > (8)
In following, the Levi-Civita connection and metric on c-indicatrix bundles are
denoted by ∇¯ and G¯, respectively, which G¯ is the restriction of metric (3). In
order to compute the components of Levi-Civita connection ∇¯ on indicatrix bundle
I∗M(c) for the basis (8) the Gauss Formula [9]:
∇XY = ∇¯XY +H(X,Y )
where H is the second fundamental form of I∗M(c) is needed. It is obvious that all
components in (4)–(6) except ∇∂¯a ∂¯
b are tangent to I∗M(c). Therefore, ∇¯ is equal
to ∇ for the other components of (4)–(6). Moreover, the curvature tensor R of ∇
defined by R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z is related to the curvature
tensor R¯ of ∇¯ in following equations:


R( δ¯
δ¯xa
, δ¯
δ¯xb
)∂¯c = R¯( δ¯
δ¯xa
, δ¯
δ¯xb
)∂¯c + 1
K2
Rabeg
ecC∗
R( δ¯
δ¯xa
, ∂¯b) δ¯
δ¯xc
= R¯( δ¯
δ¯xa
, ∂¯b) δ¯
δ¯xc
+ 12K2 (Racd − gacd)g
dbC∗
R(∂¯a, ∂¯b)∂¯c = R¯(∂¯a, ∂¯b)∂¯c + 1
K2
(gac∂¯b − gbc∂¯a)
R( δ¯
δ¯xa
, ∂¯b)∂¯c = R¯( δ¯
δ¯xa
, ∂¯b)∂¯c − 12K2 E¯
k
aE
b
iE
c
j (
δgij
δxk
+N ikhg
hj
+N jkhg
hi)C∗
R( δ¯
δ¯xa
, ∂¯b)ξ = R¯( δ¯
δ¯xa
, ∂¯b)ξ + 12K2Radg
dbC∗
R(∂¯a, ξ) δ¯
δ¯xb
= R¯(∂¯a, ξ) δ¯
δ¯xb
+ 12K2Rbdg
daC∗
R( δ¯
δ¯xa
, ξ)∂¯b = R¯( δ¯
δ¯xa
, ξ)∂¯b + 1
K2
Radg
dbC∗
for the other combinations of δ¯
δ¯xa
, ∂¯a and ξ, tensor fields R and R¯ coincide with
each other.
August 13, 2020 1:12 WSPC/INSTRUCTION FILE Attarchi
Cartan Spaces and Natural Foliations on the Cotangent Bundle 7
4. Foliations on T ∗M
Let (M,K) be a Cartan space defined in Section 2. The purpose of this section
is to prove some results of [7] on six natural foliations in the cotangent bundle of
a Cartan space. It is interesting to see, that a study of these foliations provides
important information on the geometry of the Cartan spaces themselves. These six
foliations are presented as follows:
(1) C∗: Liouville-Hamilton vector field.
(2) ξ: defined by ξ := JC∗.
(3) C∗ ⊕ ξ.
(4) V T ∗M : defined by V T ∗M =< ∂1, ..., ∂n >.
(5) V ′T ∗M : which is perpendicular to C∗ in V T ∗M with respect to the metric G
defined in (3).
(6) V ⊥T ∗M : which is perpendicular to C∗ in TT ∗M with respect to the metric G
defined in (3).
Theorem 2. C∗, ξ and C∗ ⊕ ξ are three totally geodesic foliations on (T ∗M,G).
Proof. According to (6)
∇ξC
∗ = ∇C∗ξ − ξ = ∇ξξ = ∇C∗C
∗ − C∗ = 0
which this shows they are totally geodesic.
Theorem 3. The lifted metric G defined in (3) is bundle-like for the vertical
foliation V T ∗M if and only if (gij) is a Riemannian metric on M .
Proof. With respect to bundle-like condition (see [10]), G is bundle-like for V T ∗M
if and only if
G(∇ δ
δxi
δ
δxj
+∇ δ
δxj
δ
δxi
, ∂k) = 0 ∀i, j, k = 1, ..., n
Then, by Theorem 1, it is deduced that G is bundle-like for V T ∗M if and only if
gijk = 0. This completes the proof.
By using the basis (2) and (4)–(6) the following theorem is obtained:
Theorem 4. The lifted metric G defined in (3) is bundle-like for the foliation
V ′T ∗M if and only if (gij) is a Riemannian metric on M .
Proof. From (4)-(6), it is obtained:
G(∇ξ
δ¯
δ¯xa
+∇ δ¯
δ¯xa
ξ, ∂¯c) = G(∇C∗
δ¯
δ¯xa
+∇ δ¯
δ¯xa
C∗, ∂¯c)
= G(∇ξC
∗ +∇C∗ξ, ∂¯
c) = G(2∇C∗C
∗, ∂¯c) = G(2∇ξξ, ∂¯
c) = 0
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and
G(∇ δ¯
δ¯xa
δ¯
δ¯xb
+∇ δ¯
δ¯xb
δ¯
δ¯xa
, ∂¯c) = −gabdg
dc
Therefore, the lifted metric G defined in (3) is bundle-like for the foliation V ′T ∗M
if and only if gabd = 0 and it is equivalent to g
ijk = 0. This completes the proof.
Theorem 5. The lifted metric G defined in (3) is not bundle-like for the foliation
C∗, or C∗ is not a Killing vector field of metric G.
Proof. From (4), it is obtain that:
LC∗G(∂¯
a, ∂¯b) = G(∇∂¯aC
∗, ∂¯b) +G(∂¯a,∇∂¯bC
∗)
= −G(C∗,∇∂¯a ∂¯
b)−G(∇∂¯b ∂¯
a, C∗) = 2gab
Therefore, C∗ is not a Killing vector field and G is not bundle-like for C∗.
Theorem 6. The vertical distribution V T ∗M is totally geodesic if and only if the
following holds:
δgij
δxk
+N iksg
sj +N jksg
si = 0
Proof. It is a straight conclusion of Theorem 1.
Theorem 7. The foliations V ′T ∗M and V ⊥T ∗M are not totally geodesic in Rie-
mannian manifold (T ∗M,G).
Proof. From (4), we obtain H(∂¯a, ∂¯b) = − 1
K2
gabC∗ which it cannot be vanish.
Theorem 8. The foliation V ′T ∗M is a totally umbilical foliation of TT ∗M .
Proof. From (4), we obtain
H(∂¯a, ∂¯b) = −
1
K2
gabC∗
that it shows V ′T ∗M is totally umbilical in TT ∗M .
Theorem 9. The tangent bundles TI∗M(c) for all c ∈ R+ is just the foliation
determined by the integrable distribution V ⊥T ∗M . Also, it can be shown that C∗
and ξ are orthogonal and tangent to I∗M(c), respectively.
Proof. In (7), it is shown that C∗ is orthogonal to TI∗M(c). Therefore, foliation
of tangent bundles of level hypersurfaces of K is equal to V ⊥T ∗M . On other hand,
it is easy to see that ξ(K) = 0 and ξ is tangent to level hypersurfaces of K.
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From (4) the followings are obtained:
Rijkg
khph = 0, Rijk +Rjki +Rkij = 0
Therefore, Rij defined by phg
hkRikj is a symmetric tensor for indices i and j. In [4],
it is proved that Cartan space (M,K) is of constant curvature c if and only if the
following holds:
Rij = cK
2hij (1)
where hij is angular metric tensor field of a Cartan space defined by:
hij = gij −
1
K2
pipj (2)
Let ∧∗ = (∧∗ij) given by
∧∗ij = Rij + hij (3)
be a symmetric bilinear tensor field on C∞(M)-module Γ(HT ∗M), and call it
angular curvature of M .
Lemma 10. For any X ∈ Γ(HT ∗M), the following holds:
∧∗(ξ,X) = 0.
Proof.
∧∗ijphg
hiXj = Rijphg
hiXj + gijphg
hiXj −
1
K2
pipjphg
hiXj
= 0 + pjX
j − pjX
j = 0
.
Theorem 11. Let (M,K) be a Cartan space and I∗M(c) be a c-indicatrix over
M . Then, metric G is bundle-like on I∗M(c) for ξ if and only if ∧∗ = 0 on I∗M(c).
Proof. ξ is bundle-like on I∗M(c) if and only if the following holds:
G(∇XY, ξ) +G(∇YX, ξ) = 0
where X = X i δ
δxi
+ X¯j∂
j , Y = Y i δ
δxi
+ Y¯j∂
j , X ipi = Y
ipi = 0 and X¯jpig
ij =
Y¯jpig
ij = 0. By help of Theorem 1, it can be obtain that:
G(∇ δ
δxi
ξ,
δ
δxj
) = G(∇∂iξ, ∂
j) = 0
and
G(∇∂iξ,
δ
δxj
) = G(∇ δ
δxj
ξ, ∂i) + δij = δ
i
j +
1
2
Rjsg
si
Therefore, we obtain that:
0 = G(∇XY, ξ) +G(∇YX, ξ) = −G(∇Xξ, Y )−G(∇Y ξ,X)
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= −X¯jY
i(δji +Risg
sj)− Y¯jX
i(δji +Risg
sj)
⇐⇒ (X¯jY
i + Y¯jX
i)(δji +Risg
sj) = 0
⇐⇒ (X¯jY
i + Y¯jX
i)(δji +Risg
sj −
1
K2
pip
j) = 0
⇐⇒ gij −
1
K2
pipj +Rij = 0⇐⇒ ∧
∗
ij = hij +Rij = 0
.
Theorem 12. Let (M,K) be a Cartan space. Then, ξ is a Killing vector field on
I∗M(c) if and only if ∧∗ = 0 on I∗M(c).
Proof. Here, it is shown that ξ is a Killing vector field on I∗M(c) if and only if
metric G is bundle-like on I∗M(c) for ξ. Then by Theorem 11 the proof is complete.
It is obvious that if ξ is a Killing vector field then G is bundle like on I∗M(c) for
ξ. The converse state is true if G be bundle like on I∗M(c) for ξ and the followings
hold:
G(∇ξξ, ξ) = G(∇ξξ,X) +G(∇Xξ, ξ) = 0
for all X ∈ Γ(I∗M(c)) where G(X, ξ) = 0. Since ∇ξξ = 0, it is enough to show
that G(∇ δ¯
δ¯xa
ξ, ξ) = G(∇∂¯aξ, ξ) = 0 which it is obvious from (5) and it makes proof
complete.
Theorem 13. Let (M,K) be a Cartan space. Then, M is a Cartan space of
negative constant curvature k if and only if ∧∗ be vanish on I∗M(c), where c2 = − 1
k
.
Proof. Let M be a Cartan space of negative constant curvature k, then by (1) we
obtain:
Rij(x, p) = −hij(x, p) ∀(x, p) ∈ I
∗M(c) (4)
Thus, by (3) we have ∧∗ = 0 on I∗M(c). Conversely, suppose that ∧∗ = 0 on
I∗M(c). To complete the proof it is enough to show that (4) is valid for (x, p) ∈
T ∗M \I∗M(c). For all (x, p) ∈ T ∗M there exists a constant c¯ which (x, p
c¯
) ∈ I∗M(c).
By definition Rij and equations (4) and (2), it is easy to see that Rij and hij are
homogeneous of degree two and zero, respectively. Thus:
Rij(x,
p
c¯
) = −hij(x,
p
c¯
)⇐⇒ Rij(x, p) = −c¯
2hij(x, p)
⇐⇒ Rij(x, p) = kK
2(x, p)hij(x, p) ∀(x, p) ∈ T
∗M
and this completes the proof.
Combining Theorems 11, 12 and 13 the following is obtained:
Theorem 14. Let (M,K) be a Cartan space, and k < 0 < c two constant where
−c2k = 1. Then the followings are equivalent:
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(1) M is a Cartan space of constant curvature k.
(2) G is bundle-like on I∗M(c) for ξ.
(3) ξ is a Killing vector field on I∗M(c).
(4) Angular curvature ∧∗ is vanish on I∗M(c).
5. The contact structure on indicatrix bundle of a Cartan space
In the first part of this section, it is shown that each I∗M(c) naturally has contact
structure. Then in the next part, it is proved that this contact structure cannot be
a Sasakian one.
The (1,1)-tensor field ϕ is set on the indicatrix bundle I∗M(1) as follows:
ϕ := −J |D , ϕ(ξ) = 0 (1)
where D = {X ∈ TT ∗M | G(X, ξ) = G(X,C∗) = 0}. The distribution D is called
contact distribution in contact manifolds. Also, notation G¯ is used to restrict metric
G to the c-indicatrix bundle. It is obvious that the dual 1-form ξ with respect to
the metric G is lioville 1-form ω defined in (1) in Cartan space (M,K). Now, the
following theorem can be expressed:
Theorem 15. Let the 4-tuple (ϕ, ω, ξ, G¯) be defined as above. Then 1-indicatrix
bundle of a Cartan space with (ϕ, ω, ξ, G¯) is a contact manifold.
Proof. The compatibility of ϕ and the metric G¯ is equivalent to compatibility of
J and G. Also, The conditions
ω ◦ ϕ = 0 , ϕ(ξ) = 0 , ϕ2 = −I + ξ ⊗ ω
are easy to be proved by considering Eq. (1) and definitions given in above. To
complete the proof, the condition dω(X,Y ) = G¯(X,ϕY ) for the vector fields
X,Y ∈ Γ(TI∗M) needs to be checked. By calculating dω the following can be
obtained:
dω = Nijdx
j ∧ dxi + δpi ∧ dx
i = δpi ∧ dx
i
Also,
G(
δ
δxi
, J
δ
δxj
) = G(∂i, J∂j) = 0
and
G(
δ
δxi
, J∂j) = −G(∂i, J
δ
δxj
) = δji
=⇒ G(., J.) = dxi ∧ δpi
=⇒ dω(X,Y ) = −G(X, JY )
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Since G¯ is the restriction of G to the indicatrix and dω(ξ, .) = 0 thus
dω(X,Y ) = G¯(X,ϕY ) ∀X,Y ∈ ΓD
So, I∗M(1) with (ϕ, ω, ξ, G¯) is a contact manifold [11].
Now, we show that this contact structure cannot be a Sasakian one. First, let
(M,ϕ, η, ξ, g) be a contact Riemannian manifold. In [12], it was proved that M is
Sasakain manifold if and only if
(∇˜Xϕ)Y = 0 ∀X,Y ∈ Γ(TM)
where
∇˜XY = ∇XY − η(X)∇Y ξ − η(Y )∇Xξ + (dη +
1
2
(Lξg))(X,Y )ξ
and ∇ is Levi-Civita connection on (M, g).
Since the indicatrix bundle has the contact metric structure in Cartan spaces by
Theorem 15, the following question cross our mind that ”Can the indicatrix bundle
in a Cartan space be a Sasakian manifold?”. First, the following Lemma is proved
in order to reduce the number of calculations.
Lemma 16. If (M,ϕ, ω, ξ, g) be a contact metric manifold with contact distribution
D, then M is Sasakian manifold if and only if:
(∇˜Xϕ)Y = 0 ∀X,Y ∈ Γ(D)
Proof. For all X¯ ∈ Γ(TM), they can be written in the formX+fξ whereX ∈ ΓD,
f ∈ C∞(M) and ξ is Reeb vector field of the contact structure on M . Therefore:
(∇˜X¯ϕ)Y¯ = (∇˜X+fξϕ)(Y + gξ) = (∇˜Xϕ)Y + (∇˜fξϕ)Y + (∇˜Xϕ)gξ
+(∇˜fξϕ)gξ = (∇˜Xϕ)Y + f(∇˜ξϕY − ϕ∇˜ξY ) + ∇˜Xϕ(gξ)− ϕ(∇˜Xgξ)
+f(∇˜ξϕgξ − ϕ∇˜ξgξ) = (∇˜Xϕ)Y
The lemma is proved using Theorem 3.2 in [12] and the last equation.
Now, the following theorem can be expressed:
Theorem 17. Let (M,K) be a Cartan space. Then, indicatrix bundle I∗M(1) with
contact structure (I∗M(1), ϕ, ω, ξ, G¯) can never be a Sasakian manifold.
Proof. From lemma 16, I∗M(1) is a Sasakian manifold if and only if:
(∇˜ δ¯
δ¯xa
ϕ)
δ¯
δ¯xb
= (∇˜ δ¯
δ¯xa
ϕ)∂¯b = (∇˜∂¯aϕ)
δ¯
δ¯xb
= (∇˜∂¯aϕ)∂¯
b = 0
Using (4)–(6), one of the components in above equations is
gab = 0
which demonstrates a contradiction and shows that the indicatrix bundle cannot
be a Sasakian manifold with contact structure (ϕ, ω, ξ, G¯).
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